This considers the problem of H ∞ controller design for singular stochastic systems. The systems have Markovian jump and time-varying delay. We aim to design a controller ensuring the closed-loop system is stochastically admissible and satisfies a prescribed H ∞ performance index γ . Based on the linear matrix inequalities (LMIS) techniques, the mode-dependent singular matrices E (r t ) and the stochastic Lyapunov function method, a sufficient condition for the desired H ∞ controller for the system under consideration is given in terms of LMIs. Moreover, to clarify the proposed results, some illustrative examples are presented.
I. INTRODUCTION
Over the past few years, stochastic systems have received much attention since stochastic modeling has come to play an important role in many branches of science and engineering. Markovian jump systems, as a special class of stochastic hybrid systems, have the advantage of better describing physical systems with abrupt variations. Applications of this kind of systems can be found in linear systems, control systems, singular systems, fuzzy system, and other practical systems [1] - [10] .
On the other hand, there has been a growing interest in singular systems for their extensive application in many practical systems. However, there are few works considered stochastic singular systems and Markovian jumping parameter, to the best of the authors' knowledge. It is well known that the problem of stability and control for singular Markovian jump systems has been investigated in [11] - [21] . Luo et al. [11] addressed Finite-time control and fault detection are treated simultaneously as a single problem for a class of continuous-time singular Markovian jump delay systems with the average dwell time approach. Wang et al. [19] studed The associate editor coordinating the review of this manuscript and approving it for publication was Hao Shen. the issue of generalised dissipative asynchronous output feedback control for Markov jump repeated scalar non-linear systems with time-varying delay. in [21] , by utilizing the stochastic analysis theory and convex optimization technique discussed the Markov jump neural networks.
The H ∞ control problem for time-delay singular systems was investigated in [24] - [39] . For Markovian jump stochastic singular systems, since stability, stochastic admissible, regularity, impulse elimination and system switch should be considered at the same time, it is difficult to discuss Markovian jump stochastic singular systems. In [25] , by persistent dwell-time switching regularity considered the switched singular systems. However, due to thestochastic noise and many other factors, this condition is difficult to be satisfied in practical situationsthe stochastic noise. In [41] , the authors studied the sliding mode control (SMC) of nonlinear singular stochastic systems with Markovian switching. The delay-dependent H ∞ control problems for Markovian jump singular systems time-delay were discussed in [38] . In [39] , Alwan et al. design a robust reliable H ∞ control of uncertain stochastic systems with state delay. Based on the LMI approach, the H ∞ control, H ∞ filtering and dissipative control singular Markovian jump systems with time delay were discussed. To the best of our knowledge, the H ∞ control problem for singular stochastic Markovian jump systems with time-delay has not yet been fully investigated. There has room for improvement.
This constitutes the motivation for the present research. In this paper, the problem of designing a H ∞ controller, for a class of singular stochastic Markovian jumping systems with time-varying delays and mode-dependent singular matrices E (r t ) .The main contributions of this paper are two fold:
1. An mode-dependent H ∞ controller is first time designed, which obtained the resulting closed-loop system is stochastic stable with a given disturbance attenuation level γ > 0.
2. Based on the stochastic Lyapunov function method, the It0 stochastic analysis and the LMIs-based approach is proposed to design the H ∞ controller. The results could be less conservative.The simulation results to demonstrate the effectiveness of the proposed method.
Notation:Throughout this paper, n denotes n-dimensional Euclidean space, n×n denote the set of all n × n real matrices and real symmetric matrices, respectively; E. denote the mathematical expectation; P > 0 means that P is a real symmetric and positive definite matrix.; Symbol * represents the elements below the main diagonal of a symmetric block matrix; diag{· · ·} represents the block diagonal matrix;If explicitly declared matrix, assuming it has the dimensions of the compatible.
II. MODEL DESCRIPTION AND PRELIMINARIES
Let {r t , t ≥ 0} be a right-continuous Markov chain on the probability space taking values in a finite state space S = {1, 2, · · · , N } with generator = [π ij ] N ×N given by
where σ > 0, lim σ →0 o(σ )/σ = 0. Here, π ij > 0, for j = i, is the transition rate from i to j and π ii = − N j=1,j =i π ij . In this paper, the singular stochastic system with Markovian jump and time-varying delay as follows:
where x(t) ∈ n is the state vector, u(t) ∈ m is the control input, v(t) ∈ p is the deterministic disturbance input which belongs to L 2 [0, ∞), z(t) ∈ q is the system output; w(t) is a one-dimension Brownian motion satisfying E{dw(t)} = 0, E{dw 2 (t)} = dt. φ(s) is the initial condition defined on [−d, 0]. d(t) is the time-varying delay and satisfies 0 ≤ d(t) ≤ d, 0 ≤ḋ(t) ≤ τ , where d and τ are known real constant scalars. The matrix E (r t ) ∈ n×n may be singular and we assume that rankE (r t ) = r ≤ n. E (r t ) , A (r t ) , A d(r t ) , A v(r t ) , A u(r t ) and C (r t ) are known real constant matrices with appropriate dimensions for each r t ∈ S. g(.) is the noise perturbation, and we give the following assumption.
(A) The diffusion coefficient g(t, x(t), x(t − d(t)), r(t)) is local Lipschitz continuous and satisfies the linear growth condition as well.Moreover,there exist positive definite matrices 1i , 2i with appropriate dimensions such that
The design of observer-based H ∞ controllers is formulated as follows: for given scalar γ > 0 and the system(1), design feedback control law
such that the resulting closed-loop system is stochastically admissible with H ∞ performance γ . Remark1: There exist two gain matrices during the design of controller. The K 2(r t ) is considered the effect of time delay on the controller. Futhermore, the mode-dependent controller has less conservatism than the mode-independent one.
The unforced singular stochastic system is as follow:
Before giving the main results, we need the following Lemma and definitions.
Lemma 1 ( [22] ): Suppose that a positive continuous stochastic function f (t) satisfies
Definition 2: The system (4) with v(t) = 0 is said to be stochastically stable if there exists a finite positive constant M (x 0 ,r 0 ) ,such that the following holds for any initial conditions and every r(0) = r 0 ∈ S,
Definition 3:
The singular stochastic Markovian jump time-varying delay (4) is said to be exponential stability in the mean square, if there exist α > 0and β > 0 such that, for any initial condition φ(t), the solution x(t) to the singular stochastic time-delay system satisfies
Definition 4: Given a scalar γ > 0,the singular stochastic Markovian jump time-varying delay (4) is said to be exponential admissible H ∞ performance γ , if the system with v(t) ≡ 0 is exponential stable and under zero initial condition, satisfies
Itô formula For a general stochastic singular system with Markovian jump
where f : + × n × S → n and g : + × n × S → n satisfy the local Lipschitz condition and the linear growth condition. For any
is again an Itô process with the singular stochastic differential given by
Remark2: Recently, many research has been given dissipative control and H ∞ filtring for the singular Markovian systems [11] , [13] , [19] , [24] , [26] .However, in practise, the stochastic phenomenon are inevitable.In this paper, the author given the detailed Itô formula with singular and Markov jumping.
III. MAIN RESULTS
In this section, a stochastic Lyapunov function method is proposed to design a H ∞ controller. We first study the stabilization results for the system (4) when the disturbance input v(t) = 0.
Theorem 1: For given scalar d > 0 and τ > 0, the singular stochastic Markovian jump time-varying delay system (4) is stochastically stable if there exist symmetric positive-definite matrices P i , Q i , U i , M l (l = 1, 2, · · · , m), W k (k = 1, 2, · · · , n) and Z such that for every i ∈ S,
Proof: Consider the following stochastic Lyapunov-Krasovskii candidate for the system (4) with v(t) = 0,
where
Let L be the weak infinitesimal generator of the random process {(x t , r t , t ≥ 0)}. Then, for every r t = i ∈ S and utilizing Itô formula, we have
From (9), it is clear that
x (s)Zx(s)ds (16) We have that, for every i ∈ S,
by 1 < 0, there is a constant ε > 0, such that 1 ≤ εI .
Then according to Definition 2, the singular stochastic system (4) is stochastically stable. This completes the proof.
Remark3: The condition obtained in the Theorem 1 with singular E. If the case of E = I , the reult of Theorem 1 can be established, the system is just the general stochastic systerm with Markov jumping.
Theorem 2: For given scalar d > 0 and τ > 0, the singular stochastic Markovian jump time-varying delay system (4) is exponential admissible with H ∞ performance γ , if there exist symmetric positive-definite matrices P i , Q i , U i , M l (l = 1, 2, · · · , m), W k (k = 1, 2, · · · , n) and Z such that for every i ∈ S,
Proof: Firstly, we show the system (4) is regular and impulse-free. Since rankE = r ≤ n,there exist two regular matrices GandH such that
for every i ∈ S. Then, pre-and post-multiplying 1 < 0 by H and H , respectively, we have
which implies A i4 is nonsingular and thus the pair (E i , A i ) is regular and impulse-free. Hence, by Definition 1, the system (4) is regular and impulse-free.
Next, we will prove that system (4) is exponential stable. SetG
It is easy to get
Then, for every i ∈ S, system(4) is equivalent to
To prove the exponential stability of system(4), we define a function as (t, x t , i) = e αt V (t, x t , i), t ≥ t 0 (29) where the scalar α > 0. By (17) and (19), we get
Integrating both sides of (30) from t 0 to t, we get that
By using the method of [23] , if the scalar α is chosen small enough, a scalar β > 0 can be found such that for any t > t 0
Hence, for any t ≥ t 0 ,
then from (33) a scalar m > 0 can be found such that for any t > t 0 ,
To study the exponential stability of ζ 2 (t), we establish a function as
By pre-multiplying the second equation of (28) with ζ 2 (t)P i4 , we obtain that
Adding (37) to (36) yields
where ε 1 is any positive scalar. VOLUME 7, 2019 On the other hand, we can get from (23) that
Pre-and post-multiplying (39) by H 0 0 H and H 0 0 H , respectively, a scalar ε 2 > 0 can be such that
Since ε 1 can be chosen arbitrarily, ε 1 can be chosen small enough such that ε 2 − ε 1 > 0. Then a scalar ε 1 > 1 can always be found such that
It follows from (36), (38) , (40) and (41) that
which infers
d and f (t) = ζ 2 (t)Q i22 ζ 2 (t) Therefore, applying Lemma 1 to (43) yields that
This together with (33) , that system (4) is exponentially stable.
Next, we will consider the H ∞ performance γ .
Under the zero initial condition, it follows that
Then by using the LV (t, x t , r t ) obtained in the Theorem 1, we can obtain
where ξ 2 (t) = [ξ 1 (t), v (t)] Hence, we have J (t) < 0, for all t > 0 and every r t = i ∈ S. Therefore, for any non-zero v(t) ∈ L 2 [0, ∞), (23) holds. Then according to Definition 4, the system (4) is exponential admissible with H ∞ performance. This completes the proof.
Remark4: The proof of Theorem 2 show that the pair (E i , A i ) is regular and impulse-free. It can guarantee the existence and uniqueness of the solution of the system. Theorem 3: For given scalar d > 0, τ > 0 and γ > 0, the singular stochastic Markovian jump time-varying delay system (1) is exponential admissible with H ∞ performance γ for any time-varying delay d(t) satisfying 0 ≤ d(t) ≤ d, if there exist symmetric positive-definite matrices P i , Q i , U i , Z , M l (l = 1, 2, · · · , m), W k (k = 1, 2, · · · , n) and matrices X i , Y i , X i = 1 2 (X i + X i ) such that for every i ∈ S,
Moreover, the stabilizing controller gain matrices K ji (j = 1, 2) are given by K ji = Y ji X −1 i . Proof: Substituting the state feedback controller (4) to (1), the singular stochastic system (1) can be rewritten in the
Then, by Theorem 2, it easy to get that the system (52) is exponential admissible with H ∞ performance γ . And, we can get that
Pre-multiplying and post-multiplying by P −1 i and P −1 i respectively, letting X i = P −1 i and K ji = Y ji X −1 i , we have 3 < 0.
IV. EXAMPLES
In this section,we will give a numerical example of a twomode singular system showing the effectiveness of the conditions given here. d(t) ), d(t) ).
The transition matrix rates is given by the following expressions:
The the system in (4) satisfies Assumption (A) with 11 = 21 = 0.09I , 12 = 22 = 0.04. Choosing d(t) = 0.5 + 0.5sin(t), τ = 0.5407 and γ = 0.5822, by solving the matrix inequalities (48)-(51) in Theorem 3, we obtain the control parameter as follows, By using Theorem 3 of this papper and the Matlab LMI Toolbox, it can be given that the Theorem 3 is feasible. Fig.1 gives the Markov jump mode evolution.Therefore, it can be obtained that the system (52) is admissible. We pay attention to simulating the state trajectories of the system (52). Consider that the initial condition is x 0 = [1.2, 0] . Fig.2 gives the simulations for the state trajectories of the considered system. By Fig.2 , it can be seen that lim t→∞ x(t) = 0, which shows the effectivness of of the uesed method.
V. CONCLUSION
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